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1. Introduction
The essential ingredient for any effective field theory (EFT) is the power counting,
which orders contributions in powers of (Q/Λb)
n, where Q is the typical momen-
tum scale and Λb the breakdown scale, where new physics not explicitly encoded
in the effective description occurs. The size of low energy constants (LECs) may
be estimated by naive dimensional analysis (NDA), where the size of LECs is de-
termined by the scales in the theory, typically Λb. However, in two and three-
body nuclear systems it is found that NDA is not adequate. In the two-body
system an unnatural scale corresponding to the deuteron binding momentum is
created by the importance of a non-perturbative resummation that leads to a fine
tuning between scales.1–4 Thus, for energies greater than the deuteron binding
energy, EBd = 2.22 MeV, leading-order (LO) interactions must be treated non-
perturbatively to obtain a consistent power counting and reproduce the deuteron
bound state. For energies below the deuteron binding energy the individual nucle-
ons in the deuteron cannot be resolved and it can be treated as a fundamental
degree of freedom leading to a perturbative description of nuclear interactions.
For low energies (E . m2pi/MN ) pions are not dynamical and a theory con-
taining only nucleons and external currents as degrees of freedom is appropriate.
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2 Jared Vanasse
This theory, known as pionless effective field theory (EFT 6pi), has been used to great
effect in the two-body sector for calculating NN scattering5–8 and deuteron elec-
tromagnetic form factors.5 It has also yielded a precision calculation (<1%) of the
np capture process.9–11 Parity violating (PV) interactions have also been calcu-
lated12–15 as well as neutrino-deuteron processes.16–19 EFT6pi has also been applied
extensively in the three-body sector and that will be the focus of this work. In the
three-body sector most calculations have been done in momentum space with only
a few EFT 6pi calculations performed in configuration space. For further details of
configuration space techniques and results consult Refs. 20, 21, and 22. Here we
will focus exclusively on momentum space calculations.
Section 2 contains a brief review of two-body physics to the extent necessary
to understand three-body systems. Section 3 will offer a brief review of the history
of nd scattering in EFT 6pi. In addition it will highlight the most recent numerical
techniques in nd scattering, and briefly address three-body forces. Section 4 con-
tains a review of recent advances in perturbative calculations for three-body bound
states in EFT 6pi. Calculations of the triton charge radius, and a novel approach to
calculating three-body forces will be discussed. Section 5 will deal with the inclu-
sion of Coulomb forces in pd scattering and review recent findings of the need for a
new isospin-dependent counterterm at NLO. Finally, section 6 briefly considers the
possibility of using EFT6pi to probe three-body breakup observables. Conclusions
are in Section 7.
2. Two-Body System
The Lagrangian in the two-body sector of EFT 6pi is
L2 = Nˆ†
(
i∂0 +
~∇2
2MN
)
Nˆ + tˆ†i
(
∆t − c0t
(
i∂0 +
~∇2
4MN
+
γ2t
MN
))
tˆi (1)
+ sˆ†a
(
∆s − c0s
(
i∂0 +
~∇2
4MN
+
γ2s
MN
))
sˆa
+ yt
[
tˆ†i Nˆ
TPiNˆ + H.c.
]
+ ys
[
sˆ†aNˆ
T P¯aNˆ + H.c.
]
,
where the auxiliary field formalism is used, Nˆ is a nucleon field, and tˆi (sˆa) is
a deuteron (spin-singlet dibaryon) field, with Pi =
1√
8
σ2σiτ2 (P¯a =
1√
8
σ2τ2τa)
projecting out the spin-triplet iso-singlet (spin-singlet iso-triplet) channel. The last
line represents the two-body contact interactions. In practice these parameters are
fit using the effective range expansion (ERE) or the Z-parametrization.23,24 Here
the Z-parametrization is used where at LO the fit is to the deuteron bound state
pole in the 3S1 channel and the virtual bound state pole in the
1S0 channel. At NLO
and N2LO the parameters are fit to ensure the poles are at the same position and
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have the correct residues. In the Z-parametrization the parameters are
y2t =
4pi
MN
, ∆t = γt − µ, c(n)0t = (−1)n(Zt − 1)n+1
MN
2γt
(2)
y2s =
4pi
MN
, ∆s = γs − µ, c(n)0s = (−1)n(Zs − 1)n+1
MN
2γs
,
where γt = 45.7025 MeV (γs = −7.890 MeV) is the deuteron binding momentum
(1S0 virtual bound state pole binding momentum), Zt = 1.6908 (Zs = .9015) is
the residue about the deuteron pole (1S0 virtual bound state pole), and µ a scale
introduced by dimensional regularization with the power divergence subtraction
(PDS) scheme.3,4 a Note that c0s,t gets corrections at each order beyond NLO.
The LO dibaryon propagator is given by the bubble sum in Fig. 1 where the
(LO)
c
(0)
0t,s c
(1)
0t,s
(NLO) (N2LO)
Fig. 1: The bare dibaryon propagator, i/∆t,s, is represented by a thick solid line,
and nucleon propagators by thin lines. The infinite sum of bubble diagrams gives
the dressed dibaryon propagator represented by a double line. The NLO correction
to the dibaryon propagator has one insertion of c
(0)
0t,s represented by a cross. The
N2LO correction to the dibaryon propagator has two insertions of c
(0)
0t,s and one of
c
(1)
0t,s represented by a star.
thick line is the bare dibaryon propagator, i/∆s,t, and the thin lines with arrows
nucleon propagators. The NLO correction to the dibaryon propagator is given by
a single effective range insertion, c
(0)
0t,s, which is represented by a cross. At N
2LO
the dibaryon propagator receives two insertions of c
(0)
0t,s and one insertion of c
(1)
0t,s
as shown in Fig. 1. The deuteron and spin-singlet dibaryon propagator up to and
aThe scale µ in the LECs cancels with a scale µ from dimensionally regularized integrals with
PDS such that the amplitude is independent of µ.
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including N2LO in the Z-parametrization are given by24
iDN
2LO
{t,s} (p0, ~p) =
i
γ{t,s} −
√
~p2
4 −MNp0 − i
× (3)
×
 1︸︷︷︸
LO
+
Z{t,s} − 1
2γ{t,s}
(
γ{t,s} +
√
~p2
4
−MNp0 − i
)
︸ ︷︷ ︸
NLO
+
(
Z{t,s} − 1
2γ{t,s}
)2(
~p2
4
−MNp0 − γ2{t,s}
)
︸ ︷︷ ︸
NNLO
+ · · ·

From the residue of the deuteron propagator the deuteron wavefunction renormal-
ization is given by
ZD =
2γt
MN
 1︸︷︷︸
LO
+ (Zt − 1)︸ ︷︷ ︸
NLO
+ 0︸︷︷︸
NNLO
+ · · ·
 . (4)
By construction the deuteron residue is reproduced exactly at NLO in the Z-
parametrization. The LO deuteron wavefunction renormalization will be defined
by
ZLO =
2γt
MN
. (5)
3. Three-Body Scattering
3.1. Introduction
The first three-body calculations in EFT6pi were carried out for nd scattering in the
quartet channel (S = 3/2) as it is qualitatively simpler than the doublet channel
(S = 1/2). Bedaque and van Kolck calculated the LO quartet S-wave channel scat-
tering length, in which they resummed the effective range.1 Shortly thereafter with
Hammer they considered the energy dependence in the quartet S-wave channel
again with a resummed effective range.25 Then in the doublet S-wave channel they
showed a three-body force at LO is required to properly renormalize results.26–29
With this new non-perturbative renormalization they predicted the energy depen-
dence at LO in the doublet S-wave channel.28
NLO calculations were then carried out in the quartet S-wave channel by Be-
daque and Grießhammer30 and in the doublet S-wave channel by Hammer and
Mehen.31 Higher partial waves (up to and including G-waves) with the exception
of the doublet S-wave were then calculated to N2LO by Gabbiani et al.32 However,
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at N2LO they used the dibaryon propagator with fully resummed range correc-
tions, and therefore their calculation was not strictly perturbative at N2LO, as it
included range corrections to all orders. The doublet S-wave channel was finally
addressed at N2LO by Bedaque et al.33 In this work they introduced the partial
resummation technique for calculating higher order contributions and showed that
a new energy dependent three-body force is required at N2LO. However, the partial
resummation technique again suffered from not being strictly perturbative. It was
later shown by Platter and Phillips for cold atom calculations that if the cutoff is
taken to infinity that the N2LO energy dependent three-body force is not needed
in the partial resummation technique.34 However, Ji and Phillips showed in cold
atom systems that in a strictly perturbative calculation that a N2LO energy de-
pendent three-body force is required.35 Calculations of all partial waves using the
partial resummation technique were later revisited to N2LO by Grießhammer using
the Z-parametrization in order to improve convergence to physical results.24 Sepa-
rately Gabbiani36 and Grießhammer24 considered the use of fully resummed range
corrections in dibaryon propagators with differing results. Grießhammer found a
three-body force was still needed in the doublet S-wave channel while Gabbiani
did not. Despite differing results both considered the use of fully resummed range
corrections to be problematic in practical applications.
Formal investigations of the power counting of three-body forces, using naive
dimensional analysis, were carried out by Grießhammer37 and Birse,38 and for the
PV sector by Grießhammer and Schindler.39 Calculation of the PV spin rotation
of a neutron through deuterium were carried out separately by Vanasse at LO40
and Grießhammer et al.41 at NLO using the partial resummation technique and Z-
parametrization. The calculation of nd scattering was then improved by Vanasse42
in which a technique to calculate higher order corrections strictly perturbatively was
developed. In addition he considered two-body SD mixing, which allowed for the in-
vestigation of polarization observables in nd scattering. However, at this order poor
agreement was found with available data and potential model calculations (PMC).
This work was then improved by Vanasse with the perturbative technique being
slightly improved and extended to bound states,43 building upon the LO calculation
of Hagen et al44 in halo EFT by calculating higher order contributions in EFT 6pi.
Hammer and Ko¨nig investigated the possibility of bound di-neutrons by calculating
the dependence of three-body observables on the nn scattering length.45 Finally,
Margaryan et al. calculated polarization observables in nd scattering to N3LO in
EFT6pi by considering contributions from two-body P -wave contact interactions.46
Below the formalism for nd scattering is introduced starting with the quar-
tet channel, and then proceeded by the doublet channel. In addition the partial
resummation technique is briefly reviewed but the focus is on the newer strictly
perturbative techniques. Three-body forces will briefly be discussed, while a differ-
ent approach will be addressed in a later section.
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3.2. Quartet Channel
At LO in EFT6pi nd scattering in the quartet channel is given by the infinite sum
of diagrams represented in Fig. 2. At LO these diagrams all scale as Λ 6pi/(MNQ2),
where Λ6pi ∼ mpi.30 b Unfortunately, the explicit sum of these diagrams seems to
Fig. 2: Infinite sum of diagrams contributing to LO quartet channel nd scattering
amplitude. The double line represents a dressed deuteron propagator and the single
line a nucleon propagator.
offer no immediate analytical solution as in the two-body case, rather this sum of
diagrams is rewritten as an integral equation given in Fig. 3. Projecting the integral
(~k, k24MN −
γ2t
MN
)
(−~k, k22MN)
(~p, k24MN −
γ2t
MN
+ h)
(−~p, k22MN − h)
Fig. 3: Integral equation for LO nd scattering amplitude in quartet channel. The
momentum ~k (~p) is the incoming (outgoing) momentum in the center of mass frame
that is on-shell (off-shell). The parameter h is the off shell parameter for ~p. When
h = 0 then |~k| = |~p|.
equation onto the quartet channel and a partial wave basis gives32,47
t`0,q(k, p) =−
y2tMN
pk
Q`
(
p2 + k2 −MNE − i
pk
)
(6)
− 2
pi
∫ Λ
0
dqq2t`0.q(k, q)
1√
3
4q
2 −MNE − i− γt
1
qp
Q`
(
p2 + q2 −MNE − i
pq
)
,
where Q`(a) are Legendre functions of the second kind defined by
c
Q`(a) =
1
2
∫ 1
−1
dx
P`(x)
x+ a
, (7)
bNote that if properly renormalized with the deuteron wavefunction renormalization they scale
as 1/(MNQ), exactly as in the LO two-body case.
cNote the convention used here for Legendre functions of the second kind differs from the standard
convention by a phase of (−1)`.
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with P`(x) being the standard Legendre polynomials. The incoming momentum ~k
in the center of mass (c.m.) frame is on shell and thus MNE =
3
4k
2 − γ2t , while
the outgoing momentum ~p is off shell. The parameter h in Fig. 3 is the off-shell
parameter. In Eq. (6) we set h = (p2 − k2)/2MN 30 to put the outgoing nucleon
leg on-shell but keep the outgoing deuteron leg off-shell. This is useful for three-
body breakup. The typical method for solving this integral equation is the Nystrom
method.48 When −γ2t < MNE < 0 the only singularity in the integral equation is
due to the deuteron pole. This singularity is fixed and can be addressed by using
a principal value prescription and standard subtraction techniques.49 The integral
equation can also be rewritten using the K-matrix,50 which has the advantage of
avoiding the use of complex numbers in computations. However, when MNE > 0
branch point singularities are encountered due to the three-body breakup channel.
The location of these singularities is not fixed and therefore cannot be dealt with
by simple subtraction procedures. However, these singularities are logarithmic and
can be integrated over. Thus choosing a large number of mesh points can reduce the
numerical noise from these singularities and approach the actual solution. Another
approach is to avoid these singularities by rotating the path of integration into the
complex plane. Once the amplitude is solved on this contour the integral equation
can be used again to rotate the solution back to the real axis. This method, the
Hetherington-Schick method,51,52 has been used to great success in calculating
these integral equations and has been put on firm mathematical grounding.53
According to the power counting of EFT6pi in the Z-parametrization the LO
solution will roughly require corrections of 35% ([Zt − 1]/2 ≈ .35). The NLO cor-
rection to the nd scattering amplitude is given by the diagram in Fig. 4, where
the cross represents an effective range insertion. This diagram contains two half
off-shell LO nd scattering amplitudes that can be numerically integrated to yield
the NLO correction. The N2LO correction to the nd scattering amplitude is given
by the diagrams in Fig. 5. In the second diagram we see there is a full off-shelld nd
Fig. 4: NLO correction to nd scattering amplitude in quartet channel.
Fig. 5: N2LO correction to nd scattering amplitude in quartet channel.
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scattering amplitude, and therefore in principle the LO full off-shell nd scattering
amplitude must be calculated. This calculation has not been performed in EFT6pi for
nuclear systems, but an analogous calculation of full off-shell scattering amplitudes
using the K-matrix below the two-body breakup energy has been performed in
cold atom systems.35 Above the two-body breakup energy the K-matrix approach
will be complicated due to moving logarithmic singularities. These singularities can
be dealt with by the Hetherington-Schick method. However, the position of the
singularities in the Hetherington-Schick method for the full off-shell scattering am-
plitude have not been considered. The perturbative approach of Vanasse42,43 allows
the Hetherington-Schick method to be used to calculate diagrams with full off-shell
scattering amplitudes.
In order to circumvent the need to calculate the full off-shell scattering ampli-
tude, the partial resummation technique was created.33 This technique is no more
numerically expensive than calculating the half off-shell scattering amplitude and
gives the perturbative corrections up to the order one is working. However, one
issue of the partial resummation technique is that it introduces a subset of higher
order diagrams and is thus not strictly perturbative. Also it is found for the quar-
tet S-wave phase shift that above the deuteron breakup threshold the imaginary
part of the NLO phase shift is negative, which is unphysical. The NLO nd scat-
tering amplitude in the partial resummation technique is given in Fig. 6, where a
term with a single effective range insertion is added to the kernel of the integral
equation. This is equivalent to replacing the LO dibaryon propagator in the LO
integral equation with the NLO dibaryon propagator. Upon iteration of the inte-
gral equation represented in Fig. 6 the LO nd scattering amplitude is obtained,
and the NLO correction in Fig. 4, but also the second diagram in Fig. 5 and an
infinite set of diagrams with single effective range insertions between nd scattering
amplitudes. This technique has been used to calculate phase shifts in nd as well
NLO NLONLO
Fig. 6: Integral equation for NLO nd scattering amplitude in partial resummation
technique.
as pd scattering.24,33,54 A modification of this technique resums all effective range
corrections into the dibaryon propagator. This is certainly not perturbative with
respect to the effective range insertion, but rather treats it non-perturbatively.24,36
This method introduces a dibaryon propagator with a denominator quadratic in
momentum. The quadratic creates two poles, one the physical deuteron pole, and
dFor the full off-shell scattering amplitude both the incoming momentum k, and outgoing mo-
mentum p do not satisfy the on-shell condition MNE =
3k2
4MN
− γ2t .
Three-Body Systems In Pionless Effective Field Theory 9
the other a spurious bound state pole. Although this spurious pole is outside the
range of validity of EFT 6pi it introduces numerical difficulties in the Hetherington-
Schick method and can still noticeably influence physics in the range of validity of
EFT6pi.24
A technique to calculate the nd scattering amplitude strictly perturbatively
that is no more numerically expensive than calculating the half off-shell scattering
amplitude was given in Ref. 42. The NLO correction to the nd scattering amplitude
in this technique is given in Fig. 7, where the oval with a “1” represents the NLO
correction. The effective range insertion is now moved to the inhomogeneous part
1 1
Fig. 7: Integral equation for NLO correction to nd scattering amplitude in quartet
channel. The oval with a “1” represents the NLO correction tNLO.
of the integral equation where it is integrated with the half-off shell LO scattering
amplitude. This integral equation gives the diagram in Fig. 4 and only this diagram.
The kernel for this integral equation is exactly the same kernel for the LO integral
equation and this is also true at higher orders in this technique. The power of this
technique comes from the fact that whatever is put in the inhomogeneous term
will simply get an additional LO nd scattering amplitude attached to it. Thus this
technique can also be used for diagrams with external currents.
This perturbative technique was improved upon slightly in Ref. 43, where the
NLO correction to the nd scattering amplitude is given by the integral equation
in Fig. 8. The only difference between Figs. 7 and 8 is a single nucleon exchange.
1 1
Fig. 8: Improved integral equation for NLO correction to nd scattering amplitude
in quartet channel. The oval with a “1” represents the NLO correction TNLO.
The lack of the single nucleon exchange means that an integration over a loop is
now traded for a simple multiplication of the LO nd scattering amplitude by an
effective range insertion, and this introduces a slight numerical efficiency. Upon
iterating this integral equation all the diagrams in Fig. 7 are obtained plus the
single inhomogeneous diagram in Fig. 8. When put full on-shell the inhomogeneous
contribution of Fig. 8 gives the LO nd scattering amplitude times the NLO deuteron
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wavefunction renormalization. Thus in the on-shell limit the newer perturbative
technique gives TNLO = ZLOtNLO+ZNLOtLO whereas the old perturbative technique
only gives ZLOtNLO. Therefore, the new perturbative technique automatically gives
the full NLO correction to the nd scattering amplitude. The NLO correction to the
nd scattering amplitude is given by
t`1,q(k, p) = t
`
0,q(k, p)R1(p,E) +K
`
0(q, p, E)⊗ t`1,q(k, q), (8)
where the 0 (1,2,...) subscript means LO (NLO,N2LO,...), and
K`0(q, p, E) =
1√
3
4q
2 −MNE − i− γt
1
qp
Q`
(
p2 + q2 −MNE − i
pq
)
(9)
is the LO kernel. The “⊗” operator is defined by
A(q)⊗B(q) = 2
pi
∫ Λ
0
dqq2A(q)B(q), (10)
where Λ is a cutoff used to regulate potential divergences and used in numerical
calculations. R1(p,E), the effective range insertion term is independent of the given
partial wave “`” and is
R1(p,E) =
Zt − 1
2γt
(
γt +
√
3
4
p2 −MNE − i
)
. (11)
At N2LO the correction to the nd scattering amplitude is given by the integral
equation in Fig. 9. The second inhomogeneous term contains a higher order effective
12 2
Fig. 9: Integral equation for N2LO correction to nd scattering amplitude in quartet
channel. The oval with a “2” represents the N2LO correction.
range correction, c
(1)
0t to ensure that the deuteron pole has the same residue. In the
ERE parametrization this second inhomogeneous term does not appear. From Fig. 9
we obtain the integral equation
t`2,q(k, p) =
[
t`1,q(k, p)− (Zt − 1)t`0,q(k, p)
]
R1(p,E) +K
`
0(q, p, E)⊗ t`2,q(k, q), (12)
where R1(p,E) is defined in Eq. (11).
3.3. Doublet Channel
nd scattering in the doublet channel is entirely analogous to the quartet channel,
with two extra complications. Firstly, the doublet channel now has two coupled
integral equations because the neutron and spin-singlet dibaryon can couple to give
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S = 1/2, as well as the neutron and deuteron. Using the cluster configuration
space formalism24 the coupled equations for the doublet channel can be cast in a
form similar to the quartet channel. Secondly, the doublet S-wave channel contains
three-body forces at all orders. At LO the doublet S-wave requires a three-body
contact force with no derivatives that receives corrections at each order.28,33 A new
energy dependent three-body force first occurs at N2LO.33
The LO nd scattering amplitude in the doublet channel, with the exception of
the S-wave, is given by the set of coupled integral equations in Fig. 10, where the
double-dashed line represents a spin-singlet dibaryon propagator. Using the cluster-
Fig. 10: Coupled integral equations for LO nd scattering amplitude in doublet
channel.
configuration space24 formalism the integral equations can be written as a matrix
equation yielding
t`0,d(k, p) = B
`
0(k, p, E) + K
`
0(q, p, E)⊗ t`0,d(k, q), (13)
where t`0,d(k, p) and B
`
0(k, p, E) are vectors in cluster configuration space defined
by
tn,d(k, p) =
(
t`n,Nt→Nt(k, p)
t`n,Nt→Ns(k, p)
)
, B`0(k, p, E) =
 2pipkQ` (p2+k2−MNE−ipk )
− 6pipkQ`
(
p2+k2−MNE−i
pk
) .
(14)
Here t`n,Nt→Nt(k, p) (t
`
n,Nt→Ns(k, p)) is the n’th order amplitude for nd scattering
(nd going to a nucleon and spin-singlet dibaryon). The LO kernel is a matrix in
cluster configuration space defined by
K`0(q, p, E) = (15)
1
2qp
Q`
(
p2 + q2 −MNE − i
pq
) 1√ 34 q2−MNE−i−γt −3√ 34 q2−MNE−i−γs−3√
3
4 q
2−MNE−i−γt
1√
3
4 q
2−MNE−i−γs
 .
The NLO and N2LO correction to nd scattering in the doublet channel are given by
the coupled integral equations in Fig. 11 and Fig. 12 respectively. In analogy with
the quartet channel the NLO scattering amplitude in cluster configuration space is
given by
t`1,d(k, p) = t
`
0,d(k, p) ◦R1(p,E) + K`0(q, p, E)⊗ t`1,d(k, q), (16)
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1
1
1 1
11
Fig. 11: Coupled integral equations for NLO correction to nd scattering amplitude
in doublet channel.
12
2 1
2 2
22
Fig. 12: Coupled integral equations for N2LO correction to nd scattering amplitude
in doublet channel.
and the N2LO amplitude by
t`2,d(k, p) =
[
t`1,d(k, p)− c1 ◦ t`0,d(k, p)
] ◦R1(p,E) + K`0(q, p, E)⊗ t`2,d(k, q). (17)
The cluster configuration space vectors c1 and R1(p,E) are given by
c1 =
(
Zt − 1
Zs − 1
)
, (18)
and
R1(p,E) =
 Zt−12γt (γt +√ 34p2 −MNE − i)
Zs−1
2γs
(
γs +
√
3
4p
2 −MNE − i
)
 . (19)
The symbol “◦” represents the Schur product of two vectors, which is simply element
wise matrix multiplication.
3.3.1. Doublet S-wave
The LO doublet S-wave amplitude requires the insertion of a three-body force and is
given by the set of coupled integral equations in Fig. 13. The solid square represents
the LO three-body force given by the Lagrangian
L3 = MNH0(Λ)
3Λ2
[
ytNˆ
†(~t · ~σ)† − ysNˆ†(~s · ~τ )†
] [
yt(~t · ~σ)Nˆ − ys(~s · ~τ )Nˆ
]
. (20)
Unlike in the quartet channel the Pauli principle does not prevent all three particles
from meeting at a point and therefore the doublet S-wave channel is sensitive to
short distance physics that is encoded in the three-body force. In the limit where
Three-Body Systems In Pionless Effective Field Theory 13
S
T
T
S
S
T
Fig. 13: Coupled integral equations for LO nd scattering amplitude in doublet
S-wave channel including three-body forces. The solid square represents the three-
body force.
Λ→∞ the integral equation without a three-body force does not posses a unique
solution but instead has an arbitrary phase.26–28 For finite values of Λ this results
in a large Λ dependence since it cannot converge to a unique solution.e The three-
body force fixes the phase and provides a unique solution. Further insight is gained
by transforming to the Wigner basis, defined by(
t(−)(k, p)
t(+)(k, p)
)
=
(
t`=0n,Nt→Nt(k, p)− t`=0n,Nt→Ns(k, p)
t`=0n,Nt→Nt(k, p) + t
`=0
n,Nt→Ns(k, p)
)
(21)
In the Wigner limit (γt = γs) the equations for t
(+)(k, p) and t(−)(k, p) decou-
ple. The integral equation for t(−)(k, p) is equivalent to a three-boson problem
and requires a three-body force for renormalization, while the integral equation
for t(+)(k, p) is the same as the quartet channel and requires no three-body force.
Calculating the asymptotic form of t(−)(k, p), predictions for the running of the
three-body force have been made and match well to numerical calculations.28 Go-
ing to the Wigner-basis also shows that the LO three-body force in the doublet
S-wave channel is Wigner symmetric.55,56 In fact it can be shown that the only
LO three-body force with no derivatives is a Wigner-symmetric three-body force in
the doublet S-wave channel.28,55 At higher orders this three-body force will receive
corrections and at N2LO there is a new energy dependent three-body force.33 Typ-
eNote if everything is properly renormalized the regulator dependence should be removed and a
unique solution should be found as Λ→∞.
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ically the LO three-body force and its higher order corrections are fit to reproduce
the doublet S-wave nd-scattering length, and the energy dependent N2LO three-
body force is fit to the triton binding energy. In order to deal with these three-body
forces a new but analytically equivalent approach is used by introducing a triton
auxiliary field.43
4. Bound States
There has been less progress in studying the bound state regime than in the scatter-
ing regime. Calculations of the triton binding energy have been performed at LO,28
and the triton charge radius has also been calculated at LO.43,57 The nd capture
process in both the parity-conserving (PC) and PV sector has been calculated.58,59
Also the 3H - 3He binding energy difference has been calculated in EFT6pi with per-
turbative54,60 and non-perturbative61 treatments of Coulomb forces. In halo EFT
the introduction of an effective trimer auxiliary field by Hagen et al. was used to
calculate the charge form factor of halo nuclei.44 Building upon this work Vanasse
showed a simple procedure by which perturbative corrections could be added to
bound state calculations.43 Using this he calculated the triton charge radius to
NLO. The essential improvement on the work of Hagen et al. is the realization that
certain quantities can be calculated by direct numerical integration rather than
taking a numerical limiting procedure about the bound state pole.
Introducing a triton auxiliary field ψˆ we find the three-body Lagrangian
L3 = ψˆ†
(
Ω− h2(Λ)
(
i∂0 +
~∇2
2MN
+
γ2t
MN
))
ψˆ+
2∑
n=0
ω
(n)
0 ψˆ
†
(
σiNˆ tˆi − τaNˆ sˆa
)
+H.c,
(22)
where Ω is the bare triton propagator, h2(Λ) in front of the triton kinetic term is
related to the N2LO energy dependent three-body force, and the last term contains
interactions up to N2LO between the triton, dibaryon, and nucleon fields. Note
that these interaction terms are Wigner-symmetric. The LO triton vertex function
is given by the coupled integral equations in Fig. 14, where the triple lines are triton
propagators. In cluster configuration space these integral equations are given by
Fig. 14: Coupled integral equations for LO triton vertex function.
G0(E, p) = B˜0 + K`=00 (q, p, E)⊗ G0(E, q), (23)
Three-Body Systems In Pionless Effective Field Theory 15
where
Gn(E, p) =
( Gn,ψ→Nt(E, p)
Gn,ψ→Ns(E, p)
)
, B˜0 =
√
3ω
(0)
0
(
1
−1
)
. (24)
The only difference between the integral equation for the LO triton vertex function
and Eq. (13) with ` = 0 is in the inhomogeneous term. NLO and N2LO corrections
to the triton vertex function are given by the integral equations in Fig. 15 and
Fig. 16 respectively. The NLO correction to the triton vertex function is given by
1
1
1
1 1
1
Fig. 15: Coupled integral equations for NLO correction to the triton vertex function.
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2 1 2
2
2
2
Fig. 16: Coupled integral equations for N2LO correction to the triton vertex func-
tion.
G1(E, p) = G0(E, p) ◦R1(p,E) + K`=00 (q, p, E)⊗ G1(E, q), (25)
and the N2LO correction by
G2(E, p) =
[
G1(E, p)− c1 ◦G0(E, p)
]
◦R1(p,E) + K`=00 (q, p, E)⊗G2(E, q). (26)
Again these equations are entirely analogous to those for nd scattering with the only
difference being the LO inhomogeneous term. From the LO triton vertex function
and its perturbative corrections
Σn(E) =
1
2pi2
∫ Λ
0
dqq2
 1√ 34 q2−MNE−i−γt
1√
3
4 q
2−MNE−i−γs
 · ( Gn,ψ→Nt(E, p)Gn,ψ→Ns(E, p)
)
, (27)
given in Fig. 17. Using Σ0(E) we define the LO triton propagator by summing the
diagrams in Fig. 18, which yields the LO dressed triton propagator given by
i∆3(E) =
i
Ω
1
1−HLOΣ0(E) . (28)
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Σ0
n nΣn
Fig. 17: Diagrams for function Σn(E)
Σ0 Σ0Σ0
Fig. 18: LO dressed triton propagator
The triton pole is given at the energy (E = B) for which
Σ0(B) =
1
HLO
. (29)
In this way the LO three-body force, HLO = −3(ω(0)0 )2/(4piΩ), can be fit to the
triton binding energy. Taking the residue about the triton pole gives the triton
wavefunction renormalization,
Zψ = − 1
Ω
1
HLOΣ′0(B)
. (30)
Combining the LO triton vertex function with the triton wavefunction renormaliza-
tion gives the properly renormalized triton vertex function. The properly renormal-
ized triton vertex function is equivalent to solving the homogeneous equation for
doublet S-wave scattering with a three-body force and properly normalizing it.54
With the triton vertex function, bound state properties of 3H can be calculated.
For example the LO triton charge form factor is given by the diagrams in Fig. 19
where the wavy lines are minimally coupled A0 photons and the NLO correction
(a) (b) (c)
Fig. 19: Diagrams for LO charge form factor of triton. The wavy lines are minimally
coupled A0 photons.
to the triton charge form factor is given by the diagrams in Fig. 20. Diagram (e) in
the dashed box is subtracted from the other diagrams to avoid double counting. In
calculating these diagrams the triton vertex function is not in the nd c.m. frame. The
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(a) (b) (c)
1 1 1
(d) (e)
Fig. 20: Diagrams for the NLO correction to the charge form factor of the triton.
Diagrams related by time reversal symmetry are not shown, and diagram (e) is
subtracted from the other diagrams to avoid double counting.
LO (NLO correction to the) triton vertex function in a boosted frame can be related
to the LO (NLO correction to the) triton vertex function in the c.m. frame via an
integral equation similar to that for the LO (NLO correction to the) c.m. triton
vertex function.43,44 Further details of this calculation can be seen in Ref. 43.
Extracting the triton charge radius from the LO and NLO correction to the triton
charge form factor gives the results in Fig. 21. The cutoff dependence of the LO and
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Fig. 21: Cutoff dependence of triton charge radius in EFT 6pi.43 The pink band is a
30% error estimate for the LO triton charge radius of 1.13 fm and the green band
a 10% error estimate for the NLO triton charge radius of 1.59 fm. The dotted line
is the experimental value 1.755± .086 fm62 and the black lines its error.
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NLO triton charge radius is well behaved, converging at large cutoffs. It converges to
a LO value of 1.13 fm and a NLO value of 1.59 fm within 10% of the experimental
value of 1.755±.086 fm,62 where 10% is the expected error of our NLO EFT 6pi
calculation. The LO value is more than 30% away from the experimental value,
which is greater than the naive LO error estimate in EFT6pi. A LO EFT6pi calculation
of the triton charge radius has also been performed using a wavefunction approach,
for which they find a larger value of 2.1±.6 fm.57 In addition to the triton charge
form factor many other triton properties can now be calculated to higher orders as
well as processes involving external currents such as nd→ tγ.
The LO triton vertex function also offers a novel way to calculate doublet S-
wave nd scattering, which at LO is given by the diagrams in Fig. 22. The first
Fig. 22: LO nd scattering amplitude in doublet S-wave channel.
diagram is calculated from Eq. (13) with ` = 0, where there is no three-body force
term. All three-body force terms are factored into the second diagram. The sum of
these two diagrams is given by the expression
TLO(k) = ZLOt
`=0
0,Nt→Nt(k, k) +HLO
1
1−HLOΣ0(E)piZLO(G0,ψ→Nt(E, k))
2. (31)
In this expression the LO three-body force is factored out of all numerically deter-
mined expressions. Therefore, the LO three-body force can be calculated analyti-
cally in terms of numerically determined quantities, yielding
HLO =
x
1 + xΣ0(−γ2t )
, (32)
where
x =
−
(
3piand
MN
+ ZLOt
`=0
0,Nt→Nt(0, 0)
)
piZLO(G0,ψ→Nt(−γ2t , 0))2
. (33)
Here the LO three-body force is fit so that the doublet S-wave nd scattering length
and = .65 fm is reproduced.
The NLO and N2LO corrections to doublet S-wave nd scattering are given by
Figs. 23 and 24, respectively. Again for these diagrams the higher order three-
body force corrections can be factored out from numerically determined quantities
and analytical expressions can be written for them in terms of these numerically
determined quantities. The higher order corrections HNLO and HNNLO are again
fit to reproduce the correct doublet S-wave nd scattering length. The new energy
dependent three-body force h2(Λ) at N
2LO comes from the kinetic term for the
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1 2 1 Σ1
HNLO Σ0{ }
Fig. 23: NLO nd scattering amplitude correction in doublet S-wave channel.
Σ11222 2
Σ2 Σ1 Σ1
Σ1 Σ0Σ1 }2
2 Σ011 2{HNLO
(HNLO)2 }{ Σ0 Σ0Σ0
HNNLO{ Σ0 }
11
h2
Fig. 24: N2LO nd scattering amplitude correction in doublet S-wave channel. The
diagram with h2 comes from the kinetic term of the triton in Eq. (22).
triton in Eq. (22) and is fit to reproduce the triton binding energy, E
3H
B . The NLO
correction to the triton binding energy can be shown to be
B1 = −HLOΣ1(B0) +HNLOΣ0(B0)
HLOΣ′0(B0)
, (34)
and the N2LO correction
B2 = −
HLOΣ2(B0) +HNLOΣ1(B0) + (HNNLO +
4
3
(
B0 +
γ2t
MN
)
HLOh2)Σ0(B0)
HLOΣ′0(B0)
(35)
−B1HLOΣ
′
1(B0) +HNLOΣ
′
0(B0)
HLOΣ′0(B0)
− 1
2
B21
Σ′′0(B0)
Σ′0(B0)
,
where B0 is the LO triton binding energy when the LO three-body force is fit
to the scattering length. With these corrections h2(Λ) can be chosen such that
B0 +B1 +B2 = E
3H
B and the triton binding energy is reproduced exactly at N
2LO.
Previous methods for calculating these corrections required the use of a limiting
procedure.35 Calculating these quantities without the need for a limiting procedure
is advantageous because it avoids the need to calculate the scattering amplitude at
20 Jared Vanasse
multiple energies and avoids errors introduced by fitting to these points calculated
at multiple energies. For a more detailed discussion of these methods see Ref. 43.
5. Coulomb forces and pd scattering
All of the techniques in nd scattering can also be applied to pd scattering. However,
in pd scattering there is the complication of the Coulomb interaction. The first
EFT6pi calculations in pd scattering were carried out by Rupak and Kong.63 In
their calculation they developed a new power counting in which a new scale p, the
external momentum, was introduced. This scale is important since in the infra-red
certain diagrams scale as 1/p because of the Coulomb force and therefore become
enhanced for small p. They calculated pd scattering in the quartet S-wave channel
by treating Coulomb interactions perturbatively but resumming them to all orders
in the integral equation. In addition, they used the screening method64,65 to deal
with the singularities introduced by massless photons and were only able to calculate
reliably down to momenta of about 20 MeV because of numerical issues. This work
was built upon by Hammer and Ko¨nig, which used a refined integration mesh to
push to lower momenta54 of about 3 MeV. Ref. 54 also calculated the doublet S-
wave channel phase shifts and the 3He-3H binding energy difference. However, their
calculations only considered small cutoffs and therefore did not address possible
issues with renormalization in the doublet S-wave channel for pd scattering.
It was later shown by Vanasse et al. that the NLO three-body force for nd scat-
tering in the doublet S-wave channel does not properly renormalize pd scattering at
NLO.66 Thus an additional Coulomb three-body force, H
(α)
0,1 (Λ), is required for pd
scattering at NLO. Fitting this new three-body force to the 3He binding energy and
using the ERE at NLO gives the results in Fig. 25. In the ERE, ρs is the effective
range for np scattering in the 1S0 channel and rC is the effective range for pp scat-
tering. Note that these experimentally are very close to each other, but are different
due to isospin breaking effects. When ρs 6= rC , H(α)0,1 (Λ) is dominated by a linear
divergence. To remove this linear divergence and convert poles to zeroes Ref. 66
plotted Λ/H
(α)
0,1 (Λ), shown in Fig. 25a. For the case ρs = rC , H
(α)
0,1 (Λ) is dominated
by a log(Λ)2 divergence. This is shown Fig. 25b where log(Λ)2/H
(α)
0,1 (Λ) is plotted
to divide out the dominant log(Λ)2 behavior and convert all poles to zeroes. The
numerical calculations given by black dots match the analytical predictions shown
with red lines well, above Λ = 5000 MeV. Above this cutoff the pd scattering am-
plitude is well approximated by its analytically determined asymptotic form and
thus shows good agreement with numerical results.
Using the new three-body force H
(α)
0,1 (Λ) Ref. 66 then calculated the pd doublet
S-wave Coulomb subtracted phase shift up to NLO shown in Fig. 26. The variation
of the bands corresponds to varying the cutoff from Λ = 200− 107 MeV, and con-
vergence for large cutoffs was observed. The red band with solid borders is the LO
prediction and the green band with dashed borders the NLO prediction. The blue
stars are from PMC using AV18+UR and a hyperspherical harmonics approach.67
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Fig. 25: The black dots are numerical calculations from fitting the NLO Coulomb
three-body force to the 3He binding energy, and the solid red line analytical pre-
dictions. Diagram (a) is for the case when ρs 6= rC and Λ/H(α)0,1 (Λ) is plotted as a
function of cutoff to divide out the linear divergence and convert poles to zeros. Di-
agram (b) is for ρs = rC and ln(Λ)
2/H
(α)
0,1 (Λ) is plotted to divide out the dominant
logarithmic behavior and convert poles to zeroes (Figures from Ref. 66).
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Fig. 26: Real part of Coulomb subtracted phase shift for pd scattering in the dou-
blet S-wave channel. The red band with solid line borders corresponds to the LO
calculation and the green band with dashed line borders the NLO calculation. The
width of the bands corresponds to cutoff variation in which the cutoff is varied
from Λ=200-107 MeV. The blue stars are calculations using AV-18+UR with a hy-
perspherical harmonics approach,67 and the pink squares are a phase shift analysis
from experimental data68 (Figure from Ref. 66).
Finally the pink squares come from a phase shift analysis of experimental data.68
The NLO EFT 6pi calculation agrees with the available data and PMC up to the
expected 17% error ([γtρt]
2 ≈ .17) in the ERE, where ρt = 1.765 fm is the effective
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range about the deuteron pole.
Further numerical evidence for the need of a NLO Coulomb three-body force
was given by Ko¨nig et al60 using the partial-resummation technique. It should be
noted that two three-body force terms are not required for pd scattering at NLO. If
a description of only pd properties at NLO is desired, only one such force is required.
Rather the conclusion is that the same three-body force cannot be used for both nd
and pd at NLO.60,66 Recently Ko¨nig et al. showed that if the Coulomb interaction
is treated perturbatively, ρs = rC , and the the spin singlet channel is expanded
perturbatively about the unitary limit that only one three-body force is needed for
nd and pd scattering at NLO.69 Finally, using strictly perturbative techniques and
Coulomb corrections, Hammer and Ko¨nig predicted the quartet S-wave channel pd
scattering length.70
6. Three-Body Breakup
The three-body breakup process n + d → n + n + p can also be treated in EFT6pi.
This process has been calculated using separable potentials in a calculation very
similar to a EFT 6pi calculation.71 Rather than calculating the three-body breakup
amplitude n + d → n + n + p the total three-body breakup cross-section can be
related to the nd scattering amplitude via unitarity,72 which yieldsf
σb =
pi
k2
1
6
∑
J
(2J + 1)
2kMN
3pi
∑
α
2Im [T Jα,α]− 2kMN3pi ∑
β
|T Jα,β |2
 (36)
where T Jα,β are the nd scattering amplitudes, and α = L
′, S′, and β = L, S. Here
L (S) is the relative orbital angular momentum (total spin angular momentum)
magnitude in nd scattering, J the total angular momentum magnitude, and k the
c.m. momentum. This gives the results in Fig. 27 for the total three-body breakup
cross-section. The solid red line is the LO prediction, the long-dashed green line
the NLO prediction, and the short-dashed blue line the N2LO prediction. The open
squares are data from Holmberg and Hanse´n, the open triangles data from Catron et
al., and the open circles data from Pauletta and Brooks.73–75 At momenta below 70
MeV the LO, NLO, and N2LO curves seem to slightly overpredict the experimental
data. The poorer prediction of the data at these momenta should not come as a
surprise, since here the P -wave contributions become important and the P -wave
phase shifts in comparison to PMC are reproduced worse at NLO and N2LO than
LO at these momenta.24,42 As the momenta is increased above 70 MeV we see
further disagreement with the data. However, at these momenta the effective theory
breaks down since the momentum breakdown scale is roughly mpi/2, the momentum
fNote that there is also the open channel nd→ tγ. However, this channel is suppressed by factors
of αem and is comparatively small at three-body breakup energies and can therefore be ignored at
this order in the unitarity argument. The calculation does not posses any photons, so the unitarity
argument is rigorous in the calculation but not in the physical process.
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Fig. 27: Momentum dependence in the c.m. frame of the three-body breakup cross-
section in n+d→ n+n+p. The solid red line, long-dashed green line, and the short
dashed blue line are the LO, NLO, and N2LO predictions in EFT 6pi respectively. The
open squares are data from Holmberg and Hanse´n, the open triangles data from
Catron et al., and the open circles data from Pauletta and Brooks.73–75
at which the t-channel cut from potential pion exchange occurs. It seems the use
of EFT 6pi in the three-body breakup channel has limited use as it can only describe
a small window of energies. Therefore, it will be important to develop a consistent
pionful theory to properly investigate three-body breakup observables.
7. Conclusions
In comparison with PMC and available data EFT 6pi has been very successful in re-
producing phase shifts in both nd and pd scattering.24,32,42,54 The newer perturba-
tive techniques qualitatively agree with the earlier partial resummation technique.
However, the perturbative techniques give the correct sign for the imaginary part
of the quartet S-wave phase shift above the deuteron breakup threshold. In the
strictly perturbative scheme the SD mixing term was included at N2LO and good
agreement was found with many of the eigen-phases and mixing angles in compar-
ison to PMC.42 Significant differences were found for the piJ mixing angles, as well
as the quartet P -wave eigen-phasesg. A recent strictly perturbative N3LO calcu-
lation of nd scattering including the contributions from two-body P -wave contact
gThe piJ mixing angles, mix partial waves of different S values but the same L value
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interactions has been performed46 and found the Ay polarization observables were
especially sensitive to the values of the two-body P -wave contact interactionsh. As
a result, the Ay observables naively have a large error associated with them making
them consistent with data at N3LO. A higher order calculation will be necessary
to reduce these errors and make a better comparison with available experimental
data.
The capture reaction nd→ tγ has been calculated at NNLO in the PC sector and
at LO in the PV sector.58,59 Use of the new perturbative techniques offer a simple
approach to calculate higher order contributions. In general the new perturbative
technique can be used to add higher order corrections to any diagram with external
currents. This allows a description of processes at low energies such as γ + t →
γ + t,γ + t→ n+ d,γ + 3He→ γ + 3He,γ + 3He→ p+ d, and t→ 3He + e− + ν¯e in
both PC and PV sectors. However, it seems EFT 6pi will not offer much information
in three-body breakup processes such as γ+ t→ n+n+p due to the limited energy
range available to EFT 6pi.
In the bound state regime much more work is needed in EFT6pi. The new per-
turbative techniques reviewed here will be of great utility in this endeavor as they
provide a straightforward inclusion of perturbative corrections to bound state calcu-
lations. These methods give a LO triton charge radius of 1.13 fm and a NLO triton
charge radius of 1.59 fm in agreement with the experimental result of 1.755±.086 fm,
within the expected error of EFT 6pi43 at NLO. The LO result is more than 30% away
from the experimental value, which is greater than the naive LO error estimate of
EFT6pi. A different LO calculation of this quantity in EFT6pi using a wavefunction ap-
proach gives a value of 2.1±.6 fm, which agrees with the experimental result within
the expected LO error of EFT 6pi.57 These new perturbative techniques also allow
for a more efficient calculation of three-body forces and perturbative corrections to
binding energies.
All of the strictly perturbative techniques described here are equally useful in the
description of pd scattering and bound state properties of 3He, but the additional
Coulomb interaction will have to be taken into account. Complications due to the
Coulomb interaction have been shown at NLO in pd scattering where the same NLO
three-body force cannot be used for nd and pd scattering.66 Thus for a consistent
picture of both nd and pd scattering a new isospin-dependent three-body force is
required. This means that at NLO and likely higher orders nd data alone cannot be
used to renormalize counter-terms in pd scattering. At N2LO in pd scattering two
renormalization conditions requiring pd data will likely be needed. In nd scattering
the usual renormalization conditions are the nd scattering length and the 3H binding
energy, but fitting to the pd scattering length will be complicated due to Coulomb
interactions. With the new perturbative method using bound state properties of 3He
is feasible. Further work is required to consider the most efficient renormalization
hNote PMC find a similar sensitivity to the two-body P -wave channels.76,77
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conditions for pd scattering at higher orders. Calculating pd scattering to higher
order is desirable to investigate polarization observables since there is much more
experimental data for polarization observables in pd than nd scattering.
Finally, the use of EFT 6pi for three-body breakup observables was discussed.
Using unitarity the three-body breakup cross-section can be related to the nd scat-
tering amplitudes. Comparing the EFT 6pi predictions to the available breakup data
for nd gave a general over-prediction of the data. The momentum breakdown scale
of EFT 6pi occurs at Λ6pi = mpi/2, the momentum at which the t-channel cut from
potential pion exchange occurs. It is likely the disagreement with data is due to the
fact that above the deuteron breakup threshold the breakdown scale of EFT 6pi is
quickly approached. Thus it seems the use of EFT6pi in three-body breakup is very
limited, only a small window between 50-70 MeV exists where it is strictly valid,
and even at these higher momenta signs of breakdown may already be visible. As a
result it is important that a pionful theory that is renormalization group invariant
be developed. Such a theory will allow for the calculation of three-body breakup
observables such as the symmetric space star and quasi-free scattering configura-
tions of outgoing particles for which there currently exists discrepancies between
theory and experiment.78
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